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Accurate stem taper functions are necessary for estimating stem diameter, form and tree volume, and are
important for wood estimation and timber utilisation. Betula alnoidesis a valuable plantation hardwood species
under large-scale development in South-East Asia and south China, but no study on its stem taper has been
reported yet. Here, 28 well-known taper functions from three groups of models (single, segmented and
variable-form taper functions) were fitted and validated separately with diameter-height datasets from 90
and 29 trees of B. alnoides. All trees were sampled from its 8-36-year-old even-aged plantations in south China.
Non-linear regression techniques were applied to estimate the parameters in the taper equations using the
fitting data set. Then bias, absolute bias, mean squared error and per cent explained variation were applied to
examine model accuracy. Student’s paired ttests for observed and predicted diameters were used to examine
the validity of these functions based on the validation data. Of the 28 functions, the Bruce, Max-Burkhart and
Mubhairwe models were the best single, segmented and variable-form taper equations respectively. In general,
variable-form taper equations performed better than simple and segmented functions. The Muhairwe model

best estimated stem taper without obvious multicollinearity for this species.

Keywords: Non-linear regression analysis, taper functions, variable-form model

INTRODUCTION

Stem form differs among tree species and is
influenced by factors such as site condition and
stand density (Sharma & Parton 2009, Jiang &
Liu 2011). Stem form varies along the length
of the tree from ground to top with bole shapes
that include neiloid, paraboloid and conic forms
(Kozak 1997). Stem taper functions can provide
forest managers with estimates of diameter
variation at any height on the stem (Kozak
2004, De-Miguel et al. 2012, Ozgelik & Crecente-
Campo 2016). Accurate taper functions are
needed in most inventory systems for estimating
upper stem diameter, form and tree volume,
and are important for wood harvesting and
timber utilisation. Forest researchers have thus
been aware of the variability and importance
of individual tree stem form and have been
modelling it for over 100 years (Fang & Bailey
1999).

Many taper models have been reported over
the past several decades and are usually grouped
into three types, namely, single, segmented and
variable-exponent. Single taper models describe
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the whole stem profile using a polynomial,
trigonometric or power function. The general
consensus among researchers is that single
taper functions sometimes fail to represent the
entire stem profile, particularly near the butt
and top of trees (Jiang et al. 2005). Max and
Burkhart (1976) introduced the first segmented
taper function which modelled stems divided
into three segments, and increased taper
prediction accuracy. Variable-exponent models
were also developed to reduce local bias in taper
predictions for the entire stem (Kozak 1988,
Newnham 1988, Muhairwe 1999).

Most taper systems have focused on softwoods
species, particularly pine, spruce and fir.
Fewer taper systems have been published for
hardwood species. The segmented polynomial
model developed by Max and Burkhart (1976)
performed consistently and was good for lower
bole diameter predictions for 18 commercial
hardwood species (Martin 1981). Jiang et al.
(2005) also suggested that for yellow poplar,
segmented polynomial models developed by
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Max and Burkhart (1976) and Clark et al. (1991)
performed well in describing tree form along
the entire stem. For stem taper of tropical and
subtropical hardwood species only preliminary
reports exist, e.g. for teak (Shuaibu 2015),
some eucalypts (Gomat et al. 2011), 23 tropical
hardwood species in Hainan Island (Fang &
Bailey 1999) and four tropical tree species in
Mount Makiling (Lumbres et al. 2016).

Betula alnoides is a fast-growing valuable
hardwood species naturally distributed in South-
East Asia and south China (Zeng et al. 2003).
Its wood is commonly used in floorboard and
furniture manufacture as well as decorative
veneers, and is very popular with the salariat
(Zeng et al. 2006). Driven by huge demands
for its wood and wood products, B. alnoides
plantations have increased rapidly in the past 15
years and exceeded 150,000 ha in south China
in 2014. Since the rotation of B. alnoides is about
20 years (Zeng et al. 2010), a number of these
plantations will reach harvestable age in the next
10 years. Thus a practicable stem taper equation
for this species is urgently needed by forest
managers to estimate wood volume in B. alnoides
plantations more accurately. In this context, no
proper stem taper equation currently exists for
this tree species. The present study was therefore
carried out to evaluate selected existing taper
functions and to choose the equation best suited
for stem diameter prediction of B. alnoides.

MATERIALS AND METHODS
Data collection

A total of 119 trees were used for stem taper
analysis in the present study, of which 77 were
sampled from the Experimental Center of
Tropical Forestry in Pingxiang City, and 42 from
the Laoshan Forest Farm in Baise City. Both cities
are located in the western part of the Guangxi
Zhuang Autonomous Region, which is one of the
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most important areas of B. alnoides plantations in
south China. The sampled trees were dominant
or co-dominant in 8-36-year-old even-aged stands
of B. alnoides. Trees with multiple stems, obvious
insect damage, broken tops or crooked boles
were not sampled.

Diameters at 0, 0.3, 0.6 and 1.3 (breast height)
m above ground level were measured to the
nearest 0.1 cm for each sampled tree. The trees
were then felled leaving stumps about 0.2 m
high, and whole stem length was measured to
the nearest 0.01 m using a 50-m measuring tape.
Disks 2-3 c¢m thick were obtained at 0.3, 1.0, 1.3
and 3.0 m, then at 2 m intervals along the whole
stem to the top. If the length of the last section
was less than 2 m, one disk was extracted at a
distance of 1 m from that section. All disks were
labelled, placed in plastic bags and brought back
to the laboratory where outside and inside bark
diameters of each disk were measured at two
perpendicular directions to the nearest 0.01 cm.
Diameter—height data from the sampled trees
were randomly divided into two subsets, namely,
fitting data from 90 trees and validation data
from 29 trees. Descriptive statistics for these
trees are given in Table 1. Relative diameter was
calculated as the quotient between diameter at
any height and diameter at breast height, and
relative height as the ratio between height at any
sampled point and total height. Relative diameter
against relative height was then plotted for the
fitting and validation datasets (Figure 1).

Model fitting and validation

Twenty-eight well-known stem taper equations
comprising 18 single taper functions, 4 segmented
taper models and 6 variable-exponent taper
models (Table 2) were fitted to our data. Non-
linear regression analysis was carried out and
generalised least squares were used for fitting
and estimating the parameters in the 28 models.
Models for which all parameters tested significant

Table 1  Descriptive statistics for fitting and validation data sets of Betula alnoides in Guangxi, China
Data No. of No. of data Diameter at breast height (cm) Height (m)
trees ponts Range Mean Standard Range Mean Standard
deviation deviation
Fitting 90 1147 11.0-42.2 20.3 6.0 9.9-28.7 18.8 4.0
Validation 29 348 10.4-31.0 19.3 5.6 11.5-23.2 18.3 3.1
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alnoides in Guangxi, China

at the 5% level were chosen for further analysis.
The remaining models were evaluated with a
ranking system of four statistical criteria: per
cent unexplained variation (1-PVE) in which
PVE means per cent explained variation, bias
(B), absolute bias (AB) and mean squared error
(MSE) using the following equations (Sakici et
al. 2008):

ul A2
_ gl,(di_di)

1-PVE

B= =
i=1
o |d,—d,
AB=
i=1 n
I R
d,—d,)
MSE = =1

where d;, dj and d = observed, predicted and
mean diameters respectively, n = number of
observations in the fitting dataset and m =
number of model parameters.

We used the method proposed by Poudel and
Cao (2013) to obtain the relative rank of each
model for each of the four statistical criteria. The
relative rank of model i is defined as:

(w=1)(S,-S
S S
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Plots of relative diameter against relative height for (a) fitting and (b) validation datasets of Betula

where R, = relative rank of modeli (i =1, 2, ...,
w), w = total number of models, S,=value of each
statistic criterium produced by model i, S ;, =
minimum value of S, and S, ,, = maximum value
of S;. The average relative rank of these four
statistical criteria for a given model was calculated
and sorted, and the best to worst models were
determined.

The Student’s paired ttest was applied to
the validation data to test the validity of these
functions. The function was excluded if its
predicted values differed significantly from
observed values at the 5% level. Selected taper
models were further assessed using box plots for
diameter residuals by relative height along the
stem (5, 15, 25 and so on up to 95%). Graphs
were used to determine which stem sections could
obtain good predictions of taper. Assumptions of
residual homoscedasticity were also analysed by
means of graphical analysis (Cellini et al. 2012,
Ozcelik & Crecente-Campo 2016).

To determine whether or not severe
multicollinearity was present among independent
variables in each selected model, condition
number was further calculated as the square
root of the ratio between the largest and
smallest eigenvalues for their correlation matrix.
Condition number higher than 1000°5 indicated
potentially severe multicollinearity (Myers
1990). Autocorrelation was assessed for these
models using the Durbin-Watson test. Positive
(or negative) autocorrelation was present in a
model if its Durbin-Watson test value was close
to zero (or four), while test values close to two
indicated no autocorrelation (Durbin & Watson,
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1951). The best taper model was determined
for B. alnoides based on statistical and graphical
analysis. The diameter residuals obtained from
the best model were plotted against observed
diameters, then the fitting and validation datasets
were pooled together to refit the best equation.
All statistical analyses were conducted using R
software version 3.2.1 (2015).

RESULTS

Among the 28 stem taper functions tested, 8
functions, i.e. 6, 9, 11, 21, 22, 23, 27 and 28
(Table 2), had at least one parameter without
significant difference from zero at the 0.05
level (Table 3). These functions were therefore
excluded from further analysis. Models 23 and
27, which were excluded in the present study,
have performed well for a wide range of species
in other studies (e.g. Yang et al. 2009, Rojo et
al. 2005, Sakici et al. 2008). The four statistical
criteria and their ranking were calculated for
each of the remaining 20 models (Table 4).
Markedly different performances were seen
between models within each model group.
Models 2, 19 and 24 performed the best among
simple, segmented and variable-form models
respectively. Models 2 and 24 differed little in
mean rank value, indicating that both models
were the most suitable for stem taper stimulation
of B. alnoides.

Student’s paired ttest showed significant
differences between observed and estimated
diameters for equations 3, 4, 13, 14, 17 and 18.
All six equations were single models with largely
high-ranking values and were excluded from
further analysis (Table 5). Subsequently, the
remaining 14 models were evaluated for their
accuracy in estimating diameter (Figure 2). The
box-plots showed a homogeneous distribution of
the diameter residuals for all the models, i.e. no
heteroscedasticity was observed. Among the nine
remaining single taper functions, model 2 gave
the most precise diameter predictions along the
whole stem. Other functions either overestimated
stem diameters at the lower sections (5-25%) or
underestimated stem diameters at the middle
sections (35-75%). As for the two remaining
segmented models, model 19 performed better
than model 20. Among the three remaining
variable-form models, models 24 and 25 had
similar diameter residual distributions, i.e.
medians largely distributed near zero. Diameter
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residuals fluctuated noticeably near the stem butt
and top for model 26. In general, variable-form
taper functions appeared more accurate than
the single and segmented functions. As a whole,
the inter-quartile ranges of all 14 models were
smaller at the lower sections than those at higher
sections, indicating that the models performed
better for the lower than upper sections.

The condition numbers of models 2, 7, 25 and
26 were much higher than 1000°?, indicating the
potential presence of severe multicollinearity in
these models (Table 6). Condition numbers were
much lower than this criterion in other 10 models,
i.e. no obvious multicollinearity was indicated in
these models, including model 24. The Durbin-
Watson test indicated severe autocorrelation
in model 10, while weak autocorrelation was
detected in the other models according to
Durbin and Watson (1951). Nonetheless,
autocorrelation may be disregarded in these
models because the parameter estimates and the
predicted values remain unbiased in the presence
of autocorrelation (Kozak 1997). Based on
statistical and graphical analysis, model 24 was the
optimum model for B. alnoides. The scatterplot
of residuals obtained from this function against
observed diameters showed equal distribution
across the center of the ordinate axis with no
trend of increasing error variance (Figure 3).
When fitting and validation datasets were pooled
to refit the function, the parameter estimates of
the refitted model 24 all differed significantly
from zero and their values fell within the
preliminary confidence limits (Table 7).

DISCUSSION

Of the three groups of tested functions, there
were 14 equations in which parameter estimates
were all significant, with no evident difference
between observed and predicted diameters
for B. alnoides. Models 2, 19 and 24 were the
best single, segmented and variable-form taper
equations for this species respectively. Four
equations, including model 2, showed severe
multicollinearity and were not considered further
for B. alnoides because severe multicollinearity
may inflate the variance of the predicted values
(Kozak 1997). Ten taper functions were found
appropriate for application in describing stem
taper of this species. In particular, model 24, a
variable-form equation, had the lowest ranking
value on the basis of the four fitting statistics with
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Table 4  Fit statistics and their ranks of the taper functions

Model B RK; AB RK, MSE RKys PVE RKpyz  Mean RK Rank
Single taper equation
1 -0.0399 1.0000 1.1763 5.0716 3.5854  6.1492  0.0554  6.1629 4.5959 13
2 0.0064 2.2395 0.8573 1.0000 1.5781 1.1754  0.0243  1.1764 1.3978 2

3 0.0902 4.4830 1.2229 5.6664 2.8635 4.3604  0.0442  4.3671 4.7192 15
4 0.6014 18.1688 1.6641 11.2977 4.3203 7.9701  0.0668  7.9907 11.3568 19
) 0.0086 2.2984 1.1436 4.6542 2.5455 3.5725  0.0392  3.5654 3.5226 7
7 0.0525 3.4737 1.2081 5.4775 2.8173 4.2460  0.0435  4.2549 4.3630 12
8 0.1746 6.7426 0.9625 2.3427 2.2059 2.7310 0.034 2.7316 3.6370 8
10 0.0483 3.3613 1.1843 5.1737 2.7677 41231  0.0427 4.1266 4.1962 10
12 0.0056 2.2181 1.1753 5.0588 2.6958 39449  0.0416  3.9502 3.7930 9

13 0.5943 17.9787 1.1666 4.9478 3.4301 5.7644  0.053  5.7781 8.6172 17
14 0.5037 15.5532 2.3459 20.0000  9.1753  20.0000 0.1417 20.0000  18.8883 20
15 0.0631 3.7575 1.1858 5.1929 27770 41461  0.0429  4.1586 4.3138 11
16 0.1096 5.0024 1.1899 5.2452 2.8167  4.2445  0.0435  4.2549 4.6867 14
17 0.6698 20.0000 1.3114 6.7960 42802  7.8708  0.0661  7.8785 10.6363 18
18 0.1123 5.0747 1.0294 3.1966 1.9996  2.2198  0.0309  2.2346 3.1814 5
Segmented taper equation
19 0.1333 5.6369 0.9035 1.5897 1.6727  1.4098  0.0257  1.4008 2.5093 4
20 0.0902 4.4830 1.2229 5.6664 2.8735  4.3852  0.0442  4.3671 4.7254 16
Variable-form taper equation
24 0.0074 2.2663 0.8659 1.1098 1.5073  1.0000  0.0232  1.0000 1.3440 1
25 0.0192 2.5822 0.8775 1.2578 1.5665 1.1467  0.0241  1.1443 1.5328 3
26 0.0868 4.3920 1.0713 3.7314 2.2909 29416  0.0353  2.9401 3.5013 6

B = bias, AB = absolute bias, MSE = mean squared error, PVE = per cent explained variation, RK = relative rank of model

Table 5  Student’s paired #test on the validation dataset for Betula alnoides

Model Paired differences Significance level
Mean Standard deviation Standard error mean t

Single taper equation
1 -0.067 1.669 0.091 -0.740 0.460
2 0.032 1.092 0.059 0.553 0.580
3 14.861 7.464 0.400 37.140 0.000 *
4 0.594 1.869 0.100 5.929 0.000 *
5 -0.027 1.382 0.074 -0.363 0.717
7 0.025 1.473 0.079 0.315 0.753
8 0.080 1.218 0.065 1.230 0.220
10 0.035 1.461 0.078 0.448 0.654
12 0.021 1.461 0.078 0.272 0.786
13 0.460 1.533 0.082 5.597 0.000 *
14 14.890 7.416 0.398 37.457 0.000 *
15 0.0352 1.461 0.078 0.450 0.653
16 0.063 1.468 0.079 0.803 0.422
17 0.535 1.735 0.093 5.754 0.000 *
18 0.466 3.836 0.206 2.264 0.024*

Segmented taper equation
19 0.085 1.103 0.059 1.430 0.154
20 0.049 1.481 0.079 0.618 0.537

Variable-form taper equation
24 0.004 1.057 0.057 0.071 0.943
25 0.006 1.088 0.058 0.096 0.923
26 0.057 1.310 0.070 0.812 0.417

*significant at 0.05 level
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minimum errors are represented as the upper and lower horizontal lines crossing the vertical bars

respectively
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Multicollinearity and autocorrelation of the 14 models

Model

Condition index

Durbin-Watson test

Single taper equation
1

2 67.17 0.991

5 18.00 1.396

7 204.10 0.999

8 9.31 0.999

10 3.77 0.793

12 1.07 1.208

15 1.01 1.293

16 - -

Segmented taper equations
19 7.36 1.478
20 9.87 1.478
Variable-form equations

24 21.51 1.125

25 157.87 1.08

26 76.72 1.287
o numerical integration methods and iterative
. procedures should be conducted for estimating
o | . merchantable height, i.e. the height to any
” specific diameter (Gomez-Garcia et al. 2013).
< * Model 19, a segmented equation, could
3 © * provide a closed-form solution for estimating
g N g merchantable and total volume in B. alnoides.
w - e e The model had two inflection points at 4.2 and
66.3% on B. alnoides trees. Similar inflection
o | points have been reported for oak (5.5 and
< L T : T T : | 59.9%, Pompa-Garcia et al. 2009), Eucalyptus
0 10 20 30 40 50 60  pilularis (6.8 and 70.0%, Muhairwe 1999) and
do (cm) E. grandis (6.5 and 79.0%, Muhairwe 1999).
The heights of both inflection points were
Figure 3  Plot of diameter (d) residuals against located approximately below breast height and

observed values of outside bark diameter
(do) for stem taper model 24

a condition number below 1000°5 (Myers 1990),
and thus performed well in fitting and validation.
This model estimated diameters along the stem
most accurately and was recommended for use
in B. alnoides plantations.

However, there were disadvantages for
variable-form taper equations such as model
24. For example, they cannot be integrated
analytically for calculation of merchantable
and total stem volumes. For this purpose,

© Forest Research Institute Malaysia

at crown base for B. alnoides, indicating that the
stem profile could be separated into three parts
(neiloid, paraboloid and conoid) from the base
to the top of stem which was consistent with
many previous studies (e.g. Leites & Robinson
2004, Brooks et al. 2008). The model could
thus satisfactorily describe the stem profile of
B. alnoides.

Many studies have shown that model 23
performs well across a range of species (Rojo
et al. 2005, Sakici et al. 2008, Yang et al. 2009),
and different values have been proposed for
inflection points in this model, e.g. 7 and 57% of
total stem height for both loblolly and slash pine
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Table 7 Parameter estimates and standard errors (SE) of the refitted stem
taper model 24 for Betula alnoides
Parameter Estimate Standard error

b, 1.0886 0.0869
b, 1.0433 0.0365
by 0.9998 0.0015
b, 0.1875 0.0147
by 0.0087 0.0008
bg -0.0051 0.0012
b, 0.0154 0.0011
bg 0.2338 0.0176

(Fang et al. 2000), 25% for Pinus oocarpa (Perez
et al. 1990) and 37 and 40% for Picea glauca
(Yang et al. 2009). In the present study, model
23 was not suitable for B. alnoides because at least
one parameter was not significantly different
from zero when starting values of the inflection
points were attempted as 5 to 95% at intervals
of 10%. Model 24, which is a modification of
model 23 with p removed (Muhairwe 1999),
was the most suitable model for B. alnoides. The
improved performance following exclusion
of p for model 24 could perhaps be explained
by the degree of variability inherent in stem
form for broadleaf versus coniferous species.
The coniferous species for which model 23 was
reported suitable, vary less in stem form than
B. alnoides, which is a broadleaf species. Future
research should evaluate and develop specific
stem taper equations for broadleaf species
such as B. alnoides. Some models, e.g. model
2, are single taper equations that performed
well in goodness of fit and box-plot analysis of
residuals but showed severe multicollinearity
in the present study. They could be modified
to eliminate multicollinearity and thus be
applicable in practice.
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